FACTORISATION PROPERTIES OF GROUP SCHEME 

ACTIONS 



RUDOLF TANGE 

Summary. Let H be an algebraic group scheme over a field k acting on 
a commutative fc-algebra A which is a unique factorisation domain. We 
show that, under certain mild assumptions, the monoid of nonzero .ff-stable 
principal ideals in A is free commutative. From this we deduce, in certain 
special cases, results about the monoid of nonzero semi-invariants and the 
algebra of invariants. We use an infinitesimal method which allows us to 
work over an arbitrary base field. 



1. Introduction and notation 

Let H be a linear algebraic group acting on an irreducible variety X. It 
is of interest to know conditions for when a function / on X is an ii"- (semi- 
invariant. For example, when X is normal, H is connected and the principal 
divisor (/) is fixed by a closed subgroup H' of H, then / is an H'-semi- invariant. 
Without the action of the bigger connected group H this is no longer true. 
Another well-known fact is that when H is connected, X is affine and k[X] is 
a unique factorisation domain (UFD) of which the invertible elements are the 
nonzero constants, then the prime factors of an ii-semi-invariant are iT-semi- 
invariants. For non-connected groups and/or invariants the situation is much 
more complicated. A standard example where the ring of invariants in a UFD 
is not a UFD is fc[PGL n ] = /c[GL n p, where Z consists of the nonzero multiples 
of the identity acting via the right regular representation. See [TJ Ch. 3] for the 
case of invariants for finite groups. 

The quotient space X/H (when it exists) is often also involved here. By [4, 
III §3 no. 2,5] every homogeneous space for a linear algebraic group G is of the 
form G/H, where H is a closed subgroup scheme of G (so k[H] need not be 
reduced). See [2 :i V.17] for a special case. So even if one is only interested in 
homogeneous spaces (over fields of positive characteristic) one is led to consider 
group scheme actions. 

In this paper we study the behaviour of factorisation with respect to the 
action of a group scheme H. Our initial interest was in (semi-)invariants, but it 
turns out, for reasons partly indicated above, that we first have to look at the 
property a Aa is ii-stable" of an element a € A. After that we indicate ways 
to go from"^4a is ii-stable" to "a is an H-semi- invariant" (see Remark [21 and 
Proposition [2]). The main results are Theorems [T] and [2j They state roughly 
that when a group scheme H acts on a UFD A, then the monoid of nonzero 
elements a € A such that Aa is ii-stable has the unique factorisation property. 



2010 Mathematics Subject Classification. 13F15, 14L15, 14L30. 



2 



R. H. TANGE 



Throughout this paper k denotes a field. All group schemes are affine and H 
will always denote an algebraic group scheme over k. For the basic definitions 
concerning (group) schemes we refer to [7j- By "algebraic group" we will always 
mean a reduced linear algebraic group over an algebraically closed field. By 
"reductive group" we will always mean an algebraic group with trivial unipotent 
radical. An element of a module for a group scheme is called a semi-invariant 
if it spans a submodule. 

2. Group scheme actions on UFD's 

We start with a basic result about distributions. We need a simple lemma 
which is easily proved using the modular property for subspaces of a vector 
space and induction on r. 

Lemma 1. Let V D Vx D V 2 D ■ ■ ■ 2 V r and W 2 W x D W 2 5 • • • 5 W r be 

two descending chains of subspaces of a vector space V. Then 

r r— 1 

f](Vi + W r -i) = V r + W r + J2 V i n Wr-l-i- 
i=0 i=0 

Now let X, X' be affine algebraic fc-schemes and let x £ X(k) and x' € 
X'(k). As in [7] we denote the space of distributions of X with support in x by 
Dist(A, x) C It consists of the functionals that vanish on some power of 

the vanishing ideal I x of x. This space has a natural filtration (Dist n (X, x)) n >o, 
where Dist n (A", x) consists of the functionals that vanish on the (n + l)-st power 
of the vanishing ideal I x of x. If we apply Lemma[T]with r = n, Vi = P x +1 <S> k[X'] 
and Wi = k[X] Oi^" 1 , then we obtain, as in [7\ 1.7.4], 



p| ®k[x'\ + k[x] 1^ 1 - 1 ) = i^ 1 k[x'\ + k[x}® r x ® i^ 1 ' 1 

i=0 i=l 

(!) 

which is clearly equal to Yh=o 1% x ® From this it is deduced in [2 1.7.4] 

that there is an isomorphism Dist(A, x) <S> Dist(X',x') = Dist(X x X' , (x,x')) 
which maps each Ya=o Distj(X, x) ® Dist n _j(X, x) onto Dist„(X x X' , (x,x')). 
Taking X = X' and x = x' we see that Dist(A, x) is a coalgebra. Its comultipli- 
cation A is the "differential" of the diagonal embedding at (x, x). The counit 
is the evaluation at the constant function 1 £ k[G]. 

If we apply LemmaQ]with r = n-2, Vi = I x +2 ®k[X'} and Wi = k{X] ® P+ 2 , 
then we obtain 

n— 1 n—1 

p| {P+^klX^ + kiX]®^ 1 -') = I^k[X'] + k[X](g)I^+Y,I l x ^I x ^~ l - (2) 

i=l i=2 

Lemma 2. Let X be an algebraic affine k-scheme, let x G X{k), let n > and 
denote the evaluation at x by e x . Then we have for all u E Dist n (X, x) that 

n-l 

A(u) — u£x)£ x — £ x <X>uG Distj(A, x) (g) Dist„_j(X, x). 

8=1 
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Proof. By ([2]) Y^i=i Distj(X, x) ® Dist n _i(X, x) is everything that vanishes on 

n-1 

II ® k[X] + k[X] <g> II + P x ® 

i=2 

From dTJ and the fact that A is filtration preserving we get A (it) vanishes on 
E7=2 p x ® and, clearly the same holds for u ® e x and <g> it, so we 

only have to check that A (it) — it <g> e x — e x <g> it vanishes on /" ® A;[X] and 
® I". This follows immediately from u(I x +1 ) = 0, A(it)(/ ® g) = u(fg) 
and g = g - g(x) + g(x) £ot f,g e k[X]. □ 

A simple induction gives us the following generalisation. 

Corollary. Let X, x,n,£ x be as in Lemma\^ let ttl^_1 and let A m : fc[X] — ^ 
fe[X]® m be the m-th comultiplication. Then we have for all u € Dist n (X, x) that 

A ro (ti) — u ® <8> • • • ® £ x £3 ® • • • ® £3 ® w 

E ^ Dist^p^x) (8) • • • <g>Dist im (X,x), 

where the sum is over all ii, . . . ,i m in {0, . . . , n — 1} itfii/t X]j=i h = n - 

We will apply the above lemma and its corollary to the case that X = H, 
where H is an (affine) algebraic group scheme and x is the identity e € H. 
Then we write Dist(//, e) = Dist(//). Since H is a group scheme, Dist(//) is 
not just a coalgebra, but a Hopf algebra. Its unit element it the evaluation e at 
e. We note that Dist(//) = Dist(//°), where H° is the identity component of 
H. So we can speak about Dist(//)-modules (because of the algebra structure) 
and about the tensor product of Dist(//)-modules. Recall that H is called finite 
when dim k [H] < 00 and infinitesimal when k[H] is finite dimensional and has 
a unique maximal ideal. Every H- module is a Dist(//)-module and if H is 
infinitesimal, then this gives an equivalence of categories. In general a (left) 
//-module (0 1.2.7]) is the same thing as a right &;[//] -comodule (for k[H] as a 
coalgebra). If k is perfect of characteristic p > 0, r > and H is an algebraic 
group scheme and over k, then the r-th Frobenius kernel H r of H (see 1.9]) 
is an infinitesimal group scheme and we have Dist(//) = U r>0 Dist(// r ). 

Let A be a fc-algebra. We say that A is a Dist(H)-algebra, if it is a Dist(//)- 
module such that the multiplication A <S> A — > A is a morphism of Dist(//)- 
modules. We say that A is an H-algebra or that H acts on A, if A is an 
//-module such that, for each commutative A;-algebra R, H{R) acts by auto- 
morphisms of the algebra R® A. This condition is equivalent to the condition 
that the comodule map A^ : A — > A ® k[H] is a homomorphism of algebras. 
Every //-algebra is a Dist(//)-algebra and when H is infinitesimal, the two 
notions coincide. 

Let A be a commutative Dist(//)-algebra. Assume first that k is perfect with 
char k = p > and that H is infinitesimal of height < r (i.e. H = H r ). Then 
we have for / € k[H] that p r = (/ - f{e)f r + f(e)P r = f(e)P r . Furthermore, 
if Ayi(a) = Yli a i ® fh then a = ^j/«( e ) a «- Finally, A is an //-algebra, since 
// is infinitesimal. So the comodule map is a homomorphism of algebras. From 
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these facts we easily deduce that H fixes the elements of A p . Now assume only 
that char k = p > 0. Then we deduce from the above, by base extension to a 
perfect field, that u £ Dist(-ff) acts A p -linearly on A whenever it kills the p r -th 
powers of the elements of I e . 

Now drop the assumption on k and assume that A is a domain. Then 
the Dist(-£f)-action extends to give Frac(^4) the structure of a Dist(-ff)-algebra 
(clearly such an extension is unique). To see this in case charfc = one can 
use Cartier's Theorem ([4_, II.6.1.1]) which says that Dist(-ff) = U(Lie(H)). 
Then the action of Dist(-ff) is given by the standard extension of derivations 
to the field of fractions. In case char/c = p > we use that, by the above, for 
n < p r — 1, the elements of Dist n (i?) act A p -linearly on A. So one can extend 
their action to Frac(A) = A[(A P \ {0}) -1 ] in the obvious way. This clearly 
leads to the required action of Dist(-ff). If A is an //-algebra, then there is, 
of course, also an action of H(k) on Frac(A). It is important to note that the 
actions of Dist(-ff) and H(k) on Frac(A) are in general not locally finite. 

If A is a Dist(ff)-algebra and a £ A, then Aa is Dist(ff)-stable if and only if 
u- a € Aa for all u £ Dist(-ff). If, in addition, A is a commutative domain, then 
we also have for a £ Frac(^4) that Aa is Dist(i/)-stable if and only if u ■ a £ Aa 
for all u £ Dist(i/). We note that if a group G acts on a commutative domain 
A by automorphisms, then Aa is G-stable if and only if, for all g £ G, a and 
g (a) differ by a unit. 

The first assertion of the lemma below is 1.7.17(6), 8.6]. To prove the 
second assertion one may assume that k\ = k. Then one takes a /c-point from 
each irreducible component of and the result follows from 1.7.17(6), 8.6] 
and some elementary properties of the comodule map. We leave the details to 
the reader. 

Lemma 3. Let H be an algebraic group scheme over k and let M be an H- 
module. Assume that k is perfect or that H is finite and let N be a subspace of 
M. Denote the identity component of H by H°. 

(i) N is an H°-submodule if and only if N is Dist(H) -stable. 

(ii) If k\ is an extension field of k such that every irreducible component of 

contains a k\-point, then N is an H-submodule if and only if N is 
T)ist(H) -stable and ki <8> N is H{k\)- stable. 

Proposition 1. Let H be an algebraic group scheme over k and let A be a 
Dist(-ff)- algebra which is a commutative domain. Let a, b, c £ A and m>0. 

(i) Assume that A is a UFD and that b and c are coprime. If Abe is Dist(-ff)- 
stable, then so are Ab and Ac. 

(ii) Assume that A is a UFD and that b and c are coprime. If A(b/c) is 
Dist(H) -stable, then so are Ab and Ac. 

(iii) If Aa m is a Dist {H) -stable and m/0 ink, then Aa is T>\st{H)- stable. 

Proof, (i). We show by induction on n that Ab is Dist n (ff)-stable. For n = 
there is nothing to prove. So assume that n > 0. Let u £ Dist n (-ff). By 
Lemma [5] we can write A(u) — u(g> e — e®u = Ya=i u i ® u n-n wriere e 1S the 
evaluation at the unit element of H and u\ £ T)isti(H). Since A is a Dist(ff)- 
algebra we have u ■ (be) — (u ■ b)c — b(u ■ c) = Ya=i i u l ' ^)( u n-i ' c )- S° by our 
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assumption and the induction hypothesis we get that b divides (u ■ b)c. Since b 

and c are coprime, this means that b divides (u ■ b). 

(ii). Let u G Dist n (H). Since b = - c, we have by Lemma [2] 

u ■ b - (u ■ -) c - -(u ■ c) = V(uJ • • c). 

c c c 

1=1 

So we have in A that 

b n ~ l b 

(u-b)c-{u- -)c 2 -b(u-c) = ^(uj ■ -)c(ul_i -c). 

c i=i c 

Now, by assumption, (u- € Ab and • |) c G ^46, so 6 divides (u ■ 5) c. And 
therefore 6 divides it ■ 6. Furthermore we obtain, using induction as in (i), that 
c divides b(u ■ c) and therefore that c divides u ■ c. 
(hi). Let u G Dist n (-ff). By the corollary to Lemma [2] we can write 

A m (u) = 7i<g>£<g)---®£H h e ® ■ ■ ■ ® s ® u + ^2u] ® ■ ■ ■ ® u™ , 

j 

where Uj G Dist n ^(iT) for ny G {0, ... ,n — 1} with n «i = n ^ or an ^ > 

Then 

u ■ (a m ) = ma m ~ 1 u ■ a + y~]u) ■ a ■ ■ ■ uf ■ a. 

j 

So, by induction on n, we get that a divides u ■ a for all u G T>\st n {H). □ 

Corollary. Assume that A is an H -algebra and that k is perfect or H is finite. 

(i) If H is irreducible, then, in the conclusions in Proposition^ T)ist(U)- 
stable" may be replaced by "H -stable". 

(ii) Assume that A is normal and that every irreducible component of H con- 
tains a k-point. Then Proposition{J^iii) is also valid with "Dist(H) -stable" 
replaced by "H-stable". Furthermore, if in (ii) we require A(b/c) also to 
be H(k) -stable, then Ab and Ac are H-stable. 

Proof, (i). This follows immediately from 1.7.17(6), 8.6]. 
(ii). Let h G H{k). First consider Proposition [TJ(ii) . Then, by assumption, 
(h • b)c G Ab(h • c) and (h~ x • b)c G Ab{h~ l ■ c). So b divides h ■ b and c divides 
h ■ c. Now the result follows from Lemma [3l Now consider Proposition [TJ(iii) . 
Let h G H(k). By assumption we have a m \(h ■ a) m . Then {h ■ a) /a G Frac(A) 
is integral over A. So a\h ■ a, since A is normal. Now the result follows again 
from Lemma EJ □ 

Remark 1. The arguments in the proof of Proposition [TJ(iii) also yield the 
statement with the property " Aa is Dist(i?)-stable" replaced by "a is Dist(ff)- 
semi-invariant" or by "a is Dist(i7)-invariant". 

The theorem below is a generalisation of a well-known result for connected 
algebraic groups over an algebraically closed field (see e.g. [H Lem. 20.1]). We 
remind the reader that the unique factorisation property makes sense for any 
commutative monoid in which the cancellation law holds. In fact such a monoid 
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has the unique factorisation property if and only if the quotient by the units is 
a free commutative monoid. 

Theorem 1. Let H be an irreducible algebraic group scheme over k and let A 
be a T)ist(H)-algebra. Assume that A is a UFD. Then the monoid of nonzero 
elements a £ A such that Aa is Dist(ii) -stable has the unique factorisation 
property. If char k = 0, then its irreducible elements are the irreducible elements 
a of A such that Aa is Lie(H) -stable, //char k = p > 0, then its irreducible 
elements are the elements a pS , where a is irreducible in A, s > 0, Aa pS is 
Dist(-ff) -stable, and s is minimal with this property. 

Proof. The case that char k = follows easily from Cartier's Theorem and 
Proposition [TJ so we assume that char k = p > 0. Then we note that the 
statement of the theorem is equivalent to the following statement. If a is an 
irreducible factor which occurs to the power t in the prime factorization in A of 
an element b £ A such that Ab is Dist(i/)-stable, then Aa p is Dist(-£f)-stable 
for some s > and if s is minimal with this property, then p s \t. 

So let a,b,t be as stated above. Then, by Proposition QJi), Aa 1 is Dist(ii)- 
stable. Now write t = p T t\ with p \ t±. Then a* = (a pr )* 1 , so Aa pr is Dist (in- 
stable by Proposition [TUni). For s as in the theorem we must have s < r and 
therefore p s \t. □ 

To formulate the next theorem correctly we need some notation. Let H be 
an algebraic group scheme over k and let A be an H- algebra which is a UFD. 
Let M be the quotient of the monoid of nonzero elements in A such that Aa is 
ii°-stable by the units. So M can also be considered as the monoid of nonzero 
ii°-stable principal ideals in A. Furthermore, we put T = H(k)/H°(k). Note 
that r is a finite group and that it acts on M. 

Theorem 2. Let H be an algebraic group scheme over k and let A be an 
H-algebra. Assume that A is a UFD, that every irreducible component of H 
contains a k-point and that k is perfect or H is finite. Let M and T be as 
above. Then the monoid of nonzero elements a £ A such that Aa is H -stable 
has the unique factorisation property. Its irreducible elements are the products 
of representants of the elements in the T-orbits of the irreducible elements of 
M. 

Proof. By Theorem [1] and Lemma [3{i) M is a free commutative monoid. By 
Lemma [3]^ii) , an element Aa of M is ii-stable if and only if it is T-fixed. So 
the quotient of the monoid from the theorem by the units is M r . But this 
monoid is free commutative with its irreducible elements as described in the 
theorem. □ 

Remarks 2. 1. If A has a Dist(iT)-stable filtration Aq C A\ C Ai ■ ■ ■ with 
Aq = k such that grA is a domain, then Aa is Dist(ii)-stable if and only if a 
is a Dist(ii)-semi-invariant. This follows from a simple degree comparison. By 
Lemma [3] we can draw these conclusions for an ii-action, if we assume that k 
is perfect or H is finite. 

2. Assume that k is perfect with char k = p > 0. Let H be an algebraic 
group scheme over k and let A be a reduced commutative //-algebra. Let 
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and be the r-th Frobenius twists of A and H, see 1.9.2]. Then 
acts on A^ r ' and for the isomorphism a h-> a pr we have 

Fr r (/i) ■ a = h ■ aP for all a G j4, all /i G H(R) and all commutative fc-algebras 
R. Here Fr r : // — > Hv) is the r-th Frobenius morphism. By [TJ 1.9.5] we have 
k[H/H r ] = k[H] Hr = k[H]P r . So, if for the nil radical n of k[H] we have vP r = 0, 
then Fr r induces an isomorphism H/H r ^> where // re d is the closed sub- 

group scheme of H defined by n. So a G A is an H Te ^- (semi-) invariant if and 

only if it is an // r ^-(semi-)invariant as an element of A^ if and only if a pT 
is an //-(semi-)invariant. Similarly, we get that Aa is // re d-stable if and only 
if A p aP is //-stable. If A is a normal domain, then this is also equivalent to 
Aof is instable. 

3. Let k and H be as in the previous remark and assume that H is reduced. Let 
A be a reduced commutative Dist(//)-algebra. Then, by [7, 1.9.5], Fr r induces 
an isomorphism H T+S /H r —> So, as in the previous remark, we obtain that 
a G A is an // s -(semi-)invariant if and only if a pr is an H r+S - (semi-) invariant. So 
the minimal s such that a p is an H r - (semi-) invariant is r—t where t G {0, . . . , r} 
is maximal with the property that a is an Hf (semi-) invariant. The analogues 
of the statements from the previous remark about the property that Aa is in- 
stable are also valid. 

4. Under the assumptions of Theorem Q] we also have that the group of nonzero 
Dist(-ff)-stable principal fractional ideals is free abelian. In the case of Theo- 
rem Q] the group of nonzero principal fractional ideals that are Dist(-£f)-stable 
and H(k)-st&ble is free abelian. The extra argument one needs is Proposi- 
tion [TJii) and assertion (ii) of its corollary. 

5. The UFD property is badly behaved with respect to field change, see [31 
Chap. 7 Ex. 4 and 6 to §3]. 

By Remark [2jl nitrations give us an obvious way to deduce that a is an H- 
semi-invariant from the fact that Aa is //-stable. It applies, for example, when 
A = k[V], where V is a finite dimensional //-module. In Proposition [2] below 
we replace the filtration by the action of a "big" (A G = k) reductive group G. 
It applies, for example, to the case A = k[G] and H < G acting via the right 
or left regular action. It also applies to the case A = k[G] and H < G < G x G 
where G is embedded diagonally and G x G acts in the usual way (so G x G is 
now the big reductive group and H acts via the adjoint action). In both cases 
we take H' = 1. 

We emphasize that the property that every a G A such that Aa is //-stable is 
an //-semi-invariant is a very general one. For example, when H is a (reduced) 
closed subgroup of a connected algebraic group acting on an affine variety X, 
then the algebra k[X] has this property. This follows from the result stated at 
the beginning of Section [1] by passing to the normalisation of X, since, when X 
is normal, k[X]f is //-stable if and only if (/) is //-fixed. So Remark Ell and 
Proposition [2] below are not the definitive results in this direction. The group of 
order two acting on the one-dimensional torus by inversion is an example where 
k[X] does not have this property. To prove Proposition [2J we need a lemma. 
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Lemma 4. Assume that k is algebraically closed. Let T be a torus acting on a 
commutative domain A and let a,b, c € A \ {0}. Assume that a = be and that 
for each weight x of T the x~ component of c is nonzero if the x- com P onen t °f 
a is nonzero. Then b is T -fixed. 

Proof. The assumption on the weight components is inherited by any subtorus 
of T, so we may assume that T is one-dimensional. Then the T-action amounts 
to a Z-grading of the algebra A and the result follows by comparing highest 
and lowest degree. □ 

Proposition 2. Assume that k is algebraically closed. Let G and H' be al- 
gebraic group schemes over k acting on a k-algebra A and assume that these 
actions commute. Assume furthermore that G is a connected reductive algebraic 
group and that A is a commutative domain with A G = k. Let H be a closed 
subgroup scheme of G and let a £ A. If Aa is stable under H and H' , then a 
is a semi-invariant for H and H' . 

Proof. Let A C A 1 C A 2 C • • • be the filtration of A from [6, §15] (first 
introduced in \10\ §4]). Then this filtration is G and //'-stable, gr(A) is a 
domain and Aq is spanned by the G-semi-invariants. Taking degrees we get 
that for h £ H(k) and u € Dist(-fT) we have h ■ a £ A^a and u ■ a £ A^a, and 
the same with H replaced by H' . Since characters of G are determined by their 
restriction to the connected centre, the result follows from Lemma's 2] and [3] 
and the fact that A G = k. □ 

We note that, although Proposition [2] is only stated for k algebraically closed, 
one can in certain situations apply it to the case that k is not algebraically closed 
by applying field extension from k to k. The point is that the properties a Aa 
is //-stable" and "a is an //-semi-invariant" are well-behaved with respect to 
field extension and restriction. To make this work one needs, of course, that 
k <8> A is a domain. 

The following result is an immediate consequence of Theorem[2j Proposition^ 
and the well-known fact that, for G connected reductive, k[G] is a UFD if its 
derived group is simply connected (see [12] for references and for an elementary 
proof). 

Corollary 1. Assume that k is algebraically closed. Let G be a connected 
reductive algebraic group over k with simply connected derived group and let 
H be a closed subgroup scheme of G. Then the monoid of nonzero H-semi- 
invariants in k[G] under the right regular action has the unique factorisation 
property. Its irreducible elements are as given by Theorem with the property 
"Aa is H-stable" replaced by "a is an H -semi-invariant" . 

We finish the paper with some generalisations of results in |12| and |13j . For 
results on generators of algebras of infinitesimal invariant we refer to [5]- We 
need some terminology. Assume that k is algebraically closed and let G be a 
connected reductive group over k. As in [9] we call an element £ of q* semi- 
simple if there exists a maximal torus T of G such that £ vanishes on all the 
root spaces of q relative to T. 
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Corollary 2. Assume that k is perfect of characteristic p > 0. Let G be an 
algebraic group scheme over k such that Gx is a connected reductive algebraic 
group and let q be its Lie algebra. In the following cases 

A G r 

is a UFD and 

r — t 

its irreducible elements are the elements a p , where a is irreducible in A and 
t £ {0, . . . , r} is maximal with the property that a is an hit-invariant. 

(1) If A = k[G] is a UFD, 

(2) If A = k[o\ and the semi-simple elements are dense in Lie(G^) = k (g> g, 

(3) If A = S(g) = k[g*] and the semi-simple elements are dense in (k <S> q)* , 
where in each case G r < G acts via the adjoint action. 

Proof. By Theorem [1] and Remark [21 3 we only have to check that in each case 
a £ A is a GV-invariant whenever Aa is Dist(G r )-stable. For this we may assume 
that k is algebraically closed. By Proposition [2] and Remark [2jl it remains to 
show that every semi-invariant of G r in A is an invariant. Assume, in case 
(1), that / 6 k[G] is a nonzero semi- invariant for G r . By the density of the 
semi-simple elements in G there exists a maximal torus T such that f\x ^ 0. 
Now we obtain, using the triviality of the adjoint action of T on k[T] as in |12|. 
Lem. 2], that / is a Dist(T)-invariant. On the other hand, / is also an invariant 
of the Dist(Ua t r), since the infinitesimal root subgroups are unipotent. So, e.g. 
by [II II. 3. 2], / is a Dist(G r )-invariant, that is, a GV-invariant. In the other two 
cases the proof is completely analogous. □ 

For the next corollary we need to assume the so-called "standard hypotheses" 
for a reductive group in positive characteristic. They can be found in [H] and 
are also stated in the introduction of [13| . 

Corollary 3. Assume that k is algebraically closed of characteristic p > 0. Let 
G be a connected reductive algebraic group over k, let g be its Lie algebra, let U 
be the universal enveloping algebra of q and let r > 1. Assume that G satisfies 
the standard hypotheses (Hl)-(HS) from [8]. Then U Gr is a UFD. 

Proof. We have U Gr = Z Gr , where Z = U Gl = U 9 is the centre of U. By [131 
Thm. 2] Z is a UFD and by [13^ 1.4] Z has a G-stable filtration A C A 1 C 
A2 C • • • with Aq = k such that gr(Z) is a domain. So, by Remark [2jl, we 
have for a G Z that Za is G r -stable if and only if a is a GV-semi- invariant. 
Furthermore, Z = S(q) s C S(q) as G-modules by [El 1.4], so by (iii) of the 
preceding corollary, every GV-semi-invariant of Z is a G r -invariant. Now the 
result follows from Theorem [U □ 

Remarks 3. 1. If k is algebraically closed, or more generally G is split over k, 
then k[G] is a UFD if and only if the derived group DG is simply connected. 
The arguments in \\.2\ Sect. 1] are also valid in the more general case that G is 
split over k. 

2. If k = R and G = SO2 is the compact real form of the one dimensional 
complex torus (see [1 II.8.16]), then R[G] ^ R[a, b]/(a 2 +b 2 -I) is not a UFD. 
See also [31 Chap. 7 Ex. 4 to §3]. The same is true for SO2 over any field in 
which —1 is not a square. 

3. The following example shows that the assumption on the density of the 
semi-simple elements in case (3) of Corollary 2 cannot be omitted. Let k be 
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algebraically closed of characteristic 2. Then pgt 2 = sl 2 as GL2-modules. So 
the semi-simple elements are not dense in pgt 2 . Put G = PGL2 and let (h, x, y) 
be a basis of pgl 2 with [h, x] = x, [h, y] = y and [x, y] = 0. Then it follows from 
the identity (xy) p = x p y p that S(q) Gi = S(pQl 2 f^ = k[x p , y p , hP , xy] is not a 
UFD. Note that x and y are pg[ 2 -semi- invariants that are not pg[ 2 -invariants. 
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